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A Monte Carlo method is developed for simulation of mixed ionic conductivity in 8"-alumina-type
materials. The conduction plane of these materials is represented by a lattice gas model in which
monovalent and divalent cation carriers diffuse via a vacancy mechanism and interact through a
nearest-neighbor coulombic repulsion. By comparing experimental data for pure Na* and pure Ba?* 8-
aluminas with simulation results, it is possible to estimate the near-neighbor interaction energies ¢; and
Jjump barriers U; for both kinds of ions. On the basis of these estimations the total ionic conductivity of
Nat-Ba?* §"-alumina is calculated as a function of temperature and concentration of carriers. As Ba?*
replaces Na*, the conductivity initially increases as more vacancies become available. For very high
temperatures, this increase continues until exchange is complete; but at lower temperatures, the
conductivity reaches a peak for some optimal Ba?*/Na* composition, and then drops off as the number
of Ba?*, and hence the strength of ionic correlation, goes up. The presence of ordering in the fully
exchanged (all Ba?*) case manifests itself in substantial curvature of the Arrhenius plots for conductiv-
ity. The activation energy for conductivity as a function of Ba?* mole fraction (Xg,2+) shows a pro-

nounced rise near an X value of §, in agreement with recent experimental observations.
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1. Introduction

The B-alumina family represents one of
the most important classes of framework
solid electrolytes. Since their discovery in
the 1960s, these materials have come under
intense scrutiny both for intrinsic scientific
reasons (fast-ion conductors with ionic mo-
tion largely restricted to two dimensions)
and for electrochemical cell applications.
Various singly charged cations, including
Ag*, Na*, Lit, K*, and H*, have been
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shown to be quite mobile in either g-alu-
mina or 8"-alumina or both (useful reviews
are found in Ref. (1)). Recent work in sev-
eral laboratories (2-5) has demonstrated
that certain doubly charged cations (Ca2*,
Sr2+, Pb?*, Ba?*) may be introduced into
the conduction slabs of the 8”-aluminas by
ion exchange. These exchanged materials
also exhibit fast-ion conduction, albeit usu-
ally lower than the monovalent cations.
The Pb?*, in particular, shows anomalously
high conductivity (4, 5).
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Several interesting mechanistic questions
arise in attempting to understand the con-
ductivity of g8"-aluminas with mobile diva-
lent cations (M?"). The increased charge
should lead both to stronger lattice polar-
ization effects and to stronger coulombic
interactions, while the preparative method
(ion exchange) assures that the M?* salt will
have more available vacant sites for ions to
occupy. In addition, the theoretical sugges-
tion (6, 7) that a local minimum in conduc-
tivity should occur for commensurate stoi-
chiometries (in which the number of ions is
the site number divided by an integer),
which has been made for one-dimensional
models, might imply, if extended to two-
dimensional materials of the pB-alumina
type, that local conduction minima and ion
ordering should occur for commensurate
geometries such as a 50% full lattice (this
same result, for g"-alumina, follows from
Monte Carlo (8) and path-probability calcu-
lations, see Ref. (9)). To understand the
magnitude and mechanisms of transport in
these substances, we have carried out
Monte Carlo (MC) calculations using a
method similar to that of Murch and Thorn
(8, 10, 11). We report here our results for
the Na*/Ba?* B"-alumina system. This sys-
tem has been chosen because both Na* and
Ba?* jons mostly reside on Beevers—Ross
sites (12); thus, mid-oxygen sites, which
play an important role in the conduction
process for g8"-aluminas containing the mo-
bile species Sr?*, Ca?*, Zn?*, and Cd?*, can
be excluded from our model.

Experimental work by Dunn and Far-
rington (5) has shown that the Ba?* material
is a moderately good conductor, and has
determined its activation energy for con-
duction. Our calculations, which are based
on a lattice gas hopping model with nearest-
neighbor repulsion, show that correlation
effects among ions, which can lead to or-
dering and consequently lowered conduc-
tivity even for monovalent cations if the
per-site ion density p is close to the com-
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mensurate value of 0.5, are considerably
enhanced for Ba?*, thereby leading to
strong ordering effects even at relatively
high temperatures and to curvature in the
Arrhenius plot. As Ba?* replaces Na* in the
lattice, the conductivity initially rises. At
high temperatures, this behavior continues
until full exchange is obtained; but, for
lower temperatures in the usual experimen-
tal range, the total conductivity reaches a
maximum for some intermediate exchange,
then diminishes due to strong correlations
when even more Ba?* replaces the Na*
ions.

Section II describes our lattice gas hop-
ping model and outlines the procedure used
for evaluation of the parameters for MC
simulation, which are the activation ener-
gies, Uy, and Ug,, and near-neighbor repul-
sion energies ey, and ep,; these are chosen
by fitting to the reported conductivity data
for pure Na*™- and Ba?*-B8"-aluminas. Sec-
tion III outlines the Monte Carlo procedure
used. Section IV discusses the partially ex-
changed materials, including the conductiv-
ity expected for the equilibrium crystals as
a function of Ba’" concentration and tem-
perature.

II. The Model and Parameter Evaluation

We have assumed a honeycomb lattice,
with all lattice sites equivalent. The lattice
geometry is assumed independent of mo-
bile-ion concentration or charge. The mo-
bile-ion behavior is then modeled as that of
a lattice gas with interactions permitted
only between nearest neighbors. For the
pure Na* case, conduction occurs by a va-
cancy mechanism (for one set of experi-
ments (3), the mobile-ion lattice is 92.7%
full for this situation). There are three inter-
action energies for nearest-neighbor barium
and sodium ions, denoted by & (for Na*-
Na*), by 2¢ (for Nat—Ba?"), and by 4e (for
Ba?*-Ba?*). The value of &, which corre-
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sponds roughly to a strongly screened Cou-
lomb potential, will be determined below.

Assuming that migration of both sodium
and barium ions follows the vacancy mech-
anism, the total conductivity for the sys-
tem, o, can be written as the sum of the
partial conductivities op, and oa,:

0 = CpagBapBa + CNagNaftNa 0))

for the case in which both ions are present
in the conduction slab. Here w;'s are the
mobilities of the respective ions, C;’s the
concentration of carrier i, and the g;’s the
electric charge associated with a given ion.
The generalized Nernst—Einstein relation
(11) may be used for determination of y;

4
¢ kTv

where D.; is the charge diffusion coeffi-
cient, which can be calculated using the
Monte Carlo (MC) method developed by
Murch and Thorn (8, 10). One then writes
for the charge diffusion coefficient:

w = D, 0))]

AT
Dy, = =5 fe (3)

where the 3 is a geometric factor appropri-
ate to the honeycomb lattice, A is the length
of a unit jump, f;, is the charge correlation
factor, and I'; is the jump frequency. The I;
can be written as (9, 10)

Ii= 3ViV,'Wi€_Ui/kT, 4

where U; is the activation energy for the ith
ion in an empty lattice, v; is the vibrational
contribution to the jump frequency, V; is
the so-called vacancy availability factor,
and W; is the effective jump frequency fac-
tor. The factors V; and W, originally intro-
duced by Sato and Kikuchi (9), refer to
configurational properties of the lattice gas
and can be straightforwardly calculated
from the MC simulation.

A method for calculation of f;; has been
given by Murch (8, 10, 11) and consists of
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first applying a permanent electrostatic field
to the crystal and subsequently calculating
the average drift distance of the ions:

_ 2kT(x)

fi = G ©)

where E is the applied field, » is the number
of jumps per ion, and x is a projection of the
jump distance A on the field direction x. Fi-
nally, if V;, W, f; are calculated, the con-
ductivity, using Eqgs. (1), (2), and (3), is sim-
ply given by

oy« Cgy - q%a ) DCBa + Cna - q%ia : DCNa 6)
o« Cgy - 4 DCBa + Cna * D.y,.

There are two parameters in Eq. (4) that
remain to be determined, namely the vibra-
tional contribution to the jump frequency,
v;, and the activation energy for a unit jump
with no occupied neighbor sites, U;. Since
o in Eq. (6) is measured in arbitrary units it
is only the ratio of vn./ve, that is significant
in this calculation. We assume, here, that

mg,

=\ M

mNa,

VNa
VBa

which corresponds to a harmonic approxi-
mation for the vibration of the sodium and
the barium ions, and is consistent with the
static lattice assuming v; is independent of
temperature and stoichiometry of the mate-
rial. The activation parameter U; and the
repulsive strength ¢ may be calculated by
comparison with the pure materials. Ni e?
al. (3) give the activation energy for pure
Na* g’-alumina single crystal as 0.13 eV,
when the sites are 92.7% occupied by Na* .
Dunn and Farrington (2) give the activation
energy for pure Ba?* g"-alumina as 0.58 eV,
with the fraction of occupied sites equal to
one-half of that for Na* ions; for their mate-
rial in pure Na form, the percentage of oc-
cupied sites (86%) is slightly lower than in
the material of Ref. (3). We start our pa-
rameter-fitting procedure with the general
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In VW1,

p=0.4635

-3 L P é -
[1/T
F1G. 1. Calculated temperature dependence of the

VWf. product for g"-alumina. The pure Na and pure
Ba limits lie at p = 0.927 and p = 0.4635, respectively.

equation for ionic conductivity given by
Sato and Kikuchi (9),

0-T=K.V.W.fc.e—U/kT, (8)

where K is a temperature-independent con-
stant. Then we obtain

oIn@T) _3nVWR _U o
/T a(iD e

The left-hand side of Eq. (9) is equal to
the observed value of activation energy (E,
= 9 In(cT)/o(1/T) = 0.13 eV for Na* and
0.58 eV for Ba?*). On the right-hand side of
Eq. (9), we have a sum of the terms: —U/k
which represents the ‘‘pure’’ activation en-
ergy for a particle jumping out of a potential
well, and 9 In(VWf.)/9(1/T) which results
from interactions between particles.

The dependence of In VWS, on T* (= kT/
) has been reported (14) and, for the two
cases under investigation, the curves of
Fig. 1 are obtained. Note that, following
Sato and Kikuchi (9), e is defined as a
pairwise interaction energy between two
ions on neighboring lattice sites. In their
convention, & > 0 represents an attractive
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energy, whereas & < 0 represents a repul-
sive energy. Thus, a tendency for ordering
of the ions and vacancies on the honey-
comb lattice of the B” structure at lower
temperatures (¢ < 0) is represented here by
a negative T* value. While this definition
seems contrary to the usual coulombic sign
convention, it is standard in the ionic con-
ductor literature, and we retain it here: both
e and T* are negative, by this convention of
Sato and Kikuchi, for repulsive ion—ion in-
teraction.

We have assumed that g5, = 4&n,; thus,
T%. = 4T¥, for any temperature T. Since the
experimental data for Ba’* B"-alumina
show completely Arrhenius behavior (5),
the low-temperature parts of the curves in
Fig. 1 have to be used. Then for pure Ba?*
we observe, from these curves, that

8 In(cT) _ Upa 1.5|ega
ol k k
_ UBa + 6|8Nal _ 0.58 eV 10
= VA
and for pure Na
d ln((rT) _ UNa + 2|8Na|
o/ k k
UNa - 2|8Nal _ 0.13 eV
= — A = P (11)

(The values —1.5|¢| and +2|¢| are read from
the slopes of the curves of Fig. 1). Thus, we
find that

Usa + |6¢] = 0.58 eV (12)
Une — [26] = 0.13 eV. (13)
Finally, using Eq. (8):
a a V, a A —UNg/kT
ONa _ Kna VNaWnafoy, | e—u = (14)
982 Ksa VeaWsafcp, e”"Ba

The ratio Kn./Kg, depends on geometry of
the lattice and the vibrational contributions
to the jump frequency, v;, as well as occu-
pation numbers, p;, for both systems. From
Egs. (3), (4), (6), (7), and (8) we find that
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0927 1 [137
~04635 a4 N3 — 122 (19

The ratio on./oB. at any fixed temperature
is known from the experimental data (2, 3);
thus Eqgs. (12), (14), and (15) can be solved
to give ¢. We have adopted the following
procedure to obtain &:

(1) For T = 300°C, the ratio on,/0p, Was
taken from experiment (2, 3).

(2) The chosen temperature was arbitrar-
ily assigned to correspond to some T*
value, thus fixing «.

(3) Equations (12), (13), and (14) were
solved to give &.

(4) If the calculated value of & was differ-
ent from the experimental one, as deter-
mined from the slope of Fig. 1, then another
value for T* was chosen and the whole pro-
cedure repeated.

This procedure yielded the following
results:
ena = —0.04 eV (16)
Una = 0.21 eV (17)
Up, = 0.34 eV

T = 300°C corresponds to T* = —1.2.

These parameters were then used in MC
calculations of the conductivity.

II1. The Monte Carlo Procedure

The MC technique of Murch and Thorn
(8) was adopted with minor modifications.
Sodium, barium ions, and vacancies were
initially introduced at random into an array
of 3200 sites on a honeycomb lattice. The
number of charge carriers of a certain type
was determined using the charge neutrality
requirement and keeping in mind that every
Ba?* jon substitutes for two Na* ions; thus
the number of vacancies increases signifi-
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cantly when Ba?* is exchanged for Na*.
Thus

_ _pX
PBa 1+X

. 1-x
PNa—P01+X,

(18)

where py = 0.927 is the initial occupational
number for the pure sodium crystal and
PBa CBa

X = = . 19
PBa + PNa CBa + CNa ( )

The MC calculations were carried out us-
ing the importance-sampling method of Me-
tropolis et al. (15) (whose application to lat-
tice hopping probiems has been discussed
in several references (10, 13)) to prepare
the equilibrium ensemble. The actual con-
ductivity calculations employed the tech-
nique of Murch (8, 10), and have been dis-
cussed elsewhere (for application to
correlated motion mechanisms in Na-8’-
alumina, cf. Ref. (13)). From these numeri-
cal data, the following parameters have
been calculated:

(a) The vacancy availability factors, Vn,
and Vg,, are obtained as average numbers
of vacancies encountered in the simulated
motion of Na* and Ba?* ions, respectively;

(b) the effective jump frequency factors
Wnya and Wg,, found from the equation

W,' = P,-/V,-e‘Ui/kT, (20)

where P; is the average jump probability for
one kind of charge carrier; and (c) the
charge correlation factor for each ion type,
obtained from Eq. (5).

IV. Results

The MC simulations give not only the to-
tal ionic conductivity, oy, and the partial
conductivities, og, and on., but also the
factors V, W, and f. for each ion type,
which permits interpretation of the chang-
ing and competing roles of vacancy avail-
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FiG. 2. The calculated ionic conductivity of the
mixed Na/Ba system, for T* = kT/e = o, correspond-
ing to very high temperature.

ability and ionic correlation. The results of
the MC simulation are presented in Figs. 2-
14. The total conductivity of the material
and partial conductivities for Na and Ba as
functions of the Ba?* mole fraction X, de-
fined in Eq. (19), are shown in Figs. 2-5.
Thus X = 0 represents the pure sodium
case, with the concentration of sodium ions
on the conduction plane equal to 0.927, X =
1 corresponds to the pure Ba case with pg,
= 0.927/2 = 0.4635. As X goes from0to 1,
one Ba?* replaces two Na* in the body of
the crystal. Figure 2 shows the conductivity
when no interactions exist between the

N
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Fi16. 3. As in Fig. 2, for T = 700°C.

PECHENIK, WHITMORE, AND RATNER

~~ 357

(g_) m Ba

8 28 1 o TOTAL

M A Na

I }

— 21

p—

i 14

=

3}

D 7

[

Pz

O

U 0 + FR— ———t + ' ¥ =
0 .1 2 3 4 5 6 .7 8 910

MOLE FRACTION OF BARIUM
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maximum in total conductivity.

charge carriers except for blocking of the
sites on the conduction plane (¢ — 0, or T*
— —x); this case can be regarded as a high-
temperature limit. Here o rises steadily
due to the contribution arising from the mo-
bile Ba?* ions. The sodium conductivity ini-
tially rises, due to the increase of a number
of vacancies in the conduction plane, and
maximizes at Xp, = 0.2, after which o,
gradually goes to zero as sodiums disappear
from the system. It is helpful to analyze the
situation in terms of V;, W;, and f,; which
are defined in Section II. According to Eq.

®):

O() m Ba
S 16 o TOTAL
N A Na
I
— 12
p—
= 8y
=
3}
) 4
e
g

o , , "
© %07 2 5 45 6 7 8 910

MOLE FRACTION OF BARIUM

FiG. 5. As in Fig. 4, for T = 200°C.
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(where | = Na,Ba)

and since K; « p;
oT * p;VWi., 2n
Thus, we can understand the tempera-
ture and composition dependence of con-
ductivity by comparing Figs. 2-5 with Figs.
6-11, which give information

about the details of the conduction process.
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The conductivity is essentially [Eq. (21)]
given by the product VWY,. The local peak
in oy as a function of X, seen in Figs. 3-5,
must then be due to structure in these three
factors. The vacancy availability V (Figs. 6,

9) increases monotonically with X, since

RULITLASTS ULVl aany  Wiwd A, sually

each Ba?* brings with it an additional va-
cancy. The vacancy availability factor, V,
decreases very slightly with increasing 7T,
since at low T, the repulsive interaction &
will fangs annh inm $4 Qriseaiise
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vacancies to whatever extent it can; as the

&
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F1G. 9. Calculated dependence of Vg, factor on mole
fraction.
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temperature increases, this ordering will di-
minish, as will the value of V. The W factor
measures the influence of neighboring ions
on the jump frequency of the carriers and
for high temperatures, W is essentially in-
dependent of X (Figs. 7, 10). Thus, the cur-
vature and maximum observed for o, at
700°C, is not due to V or W, but must arise
from the correlation factor f.. Figures 8 and
11, indeed, show that, as [Ba?*] increases
and the ionic repulsions increase in
strength, f. drops significantly. Accord-
ingly, the peak in o, can be qualitatively
understood as being due to an initial rise in
the vacancy availability factor, V, which is
eventually reversed by a strong charge cor-
relation effect.

Another way of looking at this process is
to consider the phase diagram for the hon-
eycomb lattice (/4). The pure Ba?* case (p
= 0.4635, X = 1) lies within the long-range
ordering region of this system with the criti-
cal temperature, T* = —~0.4 (From Eq. (16),
this is roughly 490°C). Figure 3 shows that,
for Na, T* = kT/en, = —2.0, and for Ba, T*
= kT/ega = —0.5. Thus, when X — 1, Ba?*
ions try to order themselves on the lattice,
leading to highly correlated motion for both
Ba?* and Na* ions. (Although long-range
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order has not been established at T* =
—0.5, the correlation length has already in-
creased dramatically (14).)

The transition from long-range order
(which occurs for 0.41 = p =< 0.59 at suffi-
ciently small |T*|) to short-range order oc-
curs as T is increased. It results in curva-
ture of the activation plot, but not in abrupt
change either in slope or in value. Such sec-
ond-order transitions should exhibit sharp
changes in second-derivative thermody-
namic properties such as heat capacity, and
vanishing of order parameters, as the tran-
sition occurs, but transport properties,
such as o, do not necessarily change
abruptly.

Figures 4 and 5 represent 300 and 200°C,
respectively (T* = —1.2 and —1.0). For the
pure Ba case T, = —1.2 corresponds to 7%,
= —0.3; thus, both temperatures are below
the critical temperature.

The effects of ordering are clearly shown
in Figs. 4 and 5. As X increases, Ba ions
surround themselves with vacancies, lead-
ing to the formation of a long-range ordered
superlattice. Both Na and Ba ions execute
correlated motion through the lattice with
correlation factors close to zero. The fac-
tors Vy, and Vg, go even higher, since at
low temperatures both ions try to surround
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F1G. 11. Calculated dependence of f, factor on mole
fraction.
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Figs. 12, 13. Activation plots for total conductivity. Lines represent the mole fraction of Ba. Note
pronounced curvature, due to strong correlation effects, for pure Ba case (compare with Fig. 1).

themselves with vacancies. This effect
causes a slight initial increase in ionic con-
ductivity at a small X, but the strong inter-
actions between Ba—Ba and Ba—Na neigh-
boring ions soon lead to a decrease in
conductivity for larger X.

In Fig. 8, one can see that the sodium
charge correlation factor for the case of
noninteracting particles is less than unity.
This cannot be fully explained without a
lengthy discussion (10, 16) about the physi-
cal meaning of the charge correlation fac-
tor, f;;, but we note that it is the difference
in mass between sodium and barium ions,
and consequently the difference in the jump
escape frequencies, which causes this cor-
relation effect even when there is no inter-
action between ions (except site blocking).

Figures 12 and 13 show Arrhenius plots
calculated from the MC simulation for dif-
ferent values of X. Two features of these
plots are noteworthy: (i) for X — 0, the sys-
tem displays perfect Arrhenius behavior
with activation energy, E, increasing with

increase of X; and (ii) for X > 0.7 the piots
exhibit non-Arrhenius behavior, the curva-
ture becoming greater as X — 1 and correla-
tion effects predominating.

This departure from the Arrhenius-type
behavior is caused by the order—disorder
transition which Ba ions undergo as X — 1

1.0[
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FiG. 14. Calculated activation energy (from Figs. 12
and 13). For large Ba concentrations, the low-tempera-
ture value of E, is used.
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for T < 490°C. The onset of the long-range
order drastically decreases the conductivity
in the system and causes the In oT vs 1/T
plot to bend downward at low tempera-
tures. Just such behavior has in fact been
reported for Eu3* B"-alumina (17).

Finally, Fig. 14 shows the variation of E,
with X. As X goes up, the activation energy
goes up, as one would expect. For the
curved plots (large Ba concentrations) we
used the low-temperature results for calcu-
lation of the activation energy.

V. Remarks

While the Nat B-aluminas have been
known for quite some time, the recent prep-
aration (2-5, 17), by ion exchange, of ma-
terials containing divalent cations (Ba?*,
Ca?*, Pb?*) and trivalent cations (Eu’*)
ions in the conduction slab permits continu-
ous tuning of the ion density and the
strength of coulombic correlation among
the hopping ions. In the case of very strong
coulombic interactions, the site hopping
model becomes invalid as the ions should
move in a liquid-like fashion (18); still one
suspects that, for the Ba’?* case, the hop-
ping model is valid. Indeed, in the diffrac-
tion data of Thomas et al. (12), the ions are
largely localized about Beevers—Ross and
mid-oxygen positions. Thus, the lattice gas
hopping model which we have employed
here seems justified (the liquid-like behav-
ior will start to occur for |¢| = U, and from
Egs. (16) and (17) it is seen that |g| is still
well below this range).

Our calculations make an interesting ex-
perimental prediction: notably, a local max-
imum in the conductivity should be evident
for partial Na*t/Ba?* exchange (Figs. 3-5).
While some experimental papers have con-
sidered conduction in mixed monovalent—
divalent B-aluminas, we know of none
which have precisely the conditions em-
ployed in our model calculations. Far-
rington’s group (19) has studied the prob-
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lem in the B8 (not B”) structure, and observes
a change in mechanism (from interstitialcy
to vacancy) as the divalent cation concen-
tration increases. They also found an in-
creased conductivity upon initial exchange.
Ni et al. (3) did study partially exchanged
Nat/Ca?* g"-alumina, and observed a rapid
fall-off in o for small pc.2+. However, their
measurements were made on a nonequili-
brium crystal, in which the ionic exchange
process resulted in a sharp gradient in cal-
cium concentration from the surfaces of the
crystal to its interior (‘“‘picture frame’’ ef-
fect). The initial sharp decrease in o, ob-
served for the case where only a small
amount of calcium has been exchanged into
the sample arises from replacement of a
mobile Na* by the less-mobile Ca?* near
the electrode/electrolyte interface, as the
Ca?* strongly bind the vacancies, thus re-
ducing V for Na* motion to the interface.
Such “‘picture frames’’ have been noted
earlier (20). Work is now under way in our
laboratory on a true equiiibrium study of o,
for a partially exchanged monovalent/diva-
lent cation—B"-alumina system.
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